
Work on the problem Not on code 



Deliverables 

Finding Max and Min 

Finding Max and Nextmax 

Towers of Hanoi 

Greatest Common Divisor 

Factorial 

Finding Square Root 

Prime Numbers 
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Finding Max and Min 

Comparing two adjacent numbers and finding the 
maximum and minimum e.g. 5 7 8 9 10 1 3 

Normally T(n)= 2N-2 

Comparison with an oracle, in this case a tournament 
theory where N-1 matches are necessary and sufficient 
to find a winner in a tournament of n players 
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Tournament Theory 

Minimum has to be among those who has lost first match, 
so use losers of first comparison and try to minimize this 
set of numbers.  

Loser set will at least consist of N/2 numbers if we play 
pair wise, so in that case total will be N/2+(N/2-1)+(N/2-
1)=3N/2-2 

Instead of improving code we went into the construction 
of the problem. It is to be solved by dividing the numbers 
into two sets when taking input of two numbers each. 
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Finding Max and Nextmax 

Comparing two adjacent numbers and finding the 
maximum and then iterating the loop once again to find the 
next max 

e.g. 5 7 8 9 10 1 3 

Normally T(n)= N-1+N-2=2N-3 
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Finding Max and Nextmax 

Second largest must necessarily loose from the largest. So 
second largest must be found from those who were 
compared and lost from the largest, and the set of such 
number should be minimized. 

The length of the path of the winner will give number of 
compared elements with the winner. 

Storing numbers from n to 2n-1 (8 to 15) 
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Finding Max and Nextmax 

Now the second largest number has to be compared with 
every looser from the largest number. As there are logn 
iterations so it needs to be compared with logn-1 numbers. 
So the total comparisons are (n+logn-2) 

In this case 9 is to be compared with 9 and 1 
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Data Cleanup 

Given a set of numbers, find and remove all zeros. 

Shuffle-Left Algorithm Scan the list from left to right, when a zero is found, shift 
all values to its right, one slot to the left. 

Time efficiency: Count examinations of list values and shifts. 

Best case: No shifts, n examinations. 

Worst case: Shift at each pass, n passes; i.e., n shifts plus n examinations. 

Space efficiency: n slots for n values, plus a few local variables. 
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Copy Over 

Using a second list, copy over each non-zero element in turn. 

Time efficiency: Count examinations and copies 

Best case All zeros: n examinations and 0 copies. 

Worst case No zeros: n examinations and n copies. 

Space efficiency: 2n slots for n values, plus a few extra variables. 

Time/space trade-off: Previous algorithm uses more time and less memory. 

The second uses less time and more memory. 
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Converging pointers 

Swap zero values from the left with values from the right until pointers converge 
in the middle. 

Time efficiency: Count examinations and swaps. 

Best case n examinations, no swaps; 

Worst case n examinations, n-1 swaps. 

Space efficiency: n slots for the values, plus a few extra variables. 

A better algorithm. 
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Towers of Hanoi 
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Towers of Hanoi 

At any time smaller disk should not be below the larger disk 

Only disk 1      <a, b> 

2 disk case      <a, c>,<a, b><c, b> 

3 disk case     i. <a, c><a, b><c, a><b, c><a, c><a, b><c, a><c, b><a, b> 

                         ii. <a, b><a, c><b, c><a, b><c, a><c, b><a, b> 

3(a, b, c)    2(a, c, b,) (1, a, b, c) (2, c, b, a) 

Base:  (n==1) L=<a, b> 

Induction: (n>1) 

l1=towers(n-1, a, c, b) 

l2=towers(1, a, b, c) 

l3=towers(n-1,c,b,a) 
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Recursion 

1. Recursion is very similar to mathematical induction. 

2. You first see how you can solve base case, for n=0 or for n=1. 

3. Then you assume that you know how to solve the problem of 
size n-1, and you look for a way of obtaining the solution for 
the problem size n from the solution of size n-1. 

Any recursion algorithm consists of Base condition, 
decomposition and recomposition. Recursion may be useful in 
making the code shorter and simpler, but in some cases it may 
prove very costly. 
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Things to take care in recursion 

Can we define problem in term of smaller problem 
of same type 

How does each recursive call diminish size of 
problem? 

What instance of the problem can serve as base 
case? 

As problem size diminishes, will you reach the 
base case? 
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Pitfalls of Recursion 

Non-recursive version of an algorithm will execute more 
efficiently in terms of execution time and memory space. This is 
because: 

1. Administrative overhead of entering and exiting from a 
function, on every recursive call; 

2. Unnecessary stacking and unstacking of local (automatic) 
variables forced by the HLL compiler, because it can not detect 
which will be or will not be needed later on; { good compilers are 
able to detect such unnecessary stacking and avoid it.} 

3. Redundant recalculation of some values which can be avoided 
in more efficient implementations. 
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Recursion-Discussion 

Most obvious method of expressing an algorithm, for example, a programmer will 
directly be able to visualize a recursive algorithm for the Tower of Hanoi problem. 

Generally more compact compared to a non-recursive one. 

More efficient in terms of programmer time and source code space. 

A conflict between the computer efficiency (execution time and memory space) and 
human efficiency (programmer time and source code length).  

Cost of computer H/W continuously reduces and cost of human resources increases. 
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Greatest Common Divisor (GCD) 

Input: Two integer’s m an n  

Output: Greatest factor that divides both 

1. Factorize m: find primes 

     m1, m2, m3………          such that m= m1*m2*m3… 

2. Factorize n : find primes 

     n1, n2, n3………          such that n= n1*n2*n3… 

3. Find common factors in both multiply and print result 

  

Additional Benefits: we had found prime numbers also on the 
sides 
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Euclid’s GCD 

It is using a clever technique which was explored after 
studying the deeper properties of the numbers involved. 

1. divide m by n and let r be the remainder 

2. if r=0, algorithm terminates; n is the answer 

3. set m=n; n=r; and go to step 1 
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GCD (without swapping) 

1. divide m by n and let r be the remainder 

2 .if r=0, algorithm terminates; n is the answer 

3. divide n by r and let m be the remainder 

4. if m=0, algorithm terminates; r is the answer 

5. divide r by m and let n be the remainder 

6. if n=0, algorithm terminates; m is the answer 

7. go to step 1 
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GCD (without third variable) 

1. Divide m by n and let m be the remainder 

2. If m=0, the algorithm terminates with answer  n 

3. Divide n by m and let n be the remainder 

4. if n=0 the algorithm terminates with answer m; 
otherwise go to step 1 
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Further exploring GCD 

• If we go deeper then let m=a*GCD and n=b*GCD also 
m=x*n+r 

• T(m, n) = 1 + T(n, r0) = 2 + T(r0, r1) = … = N + T(rN−2, rN−1) 
= N + 1 

• If the Euclidean algorithm requires N steps for a pair of 
natural numbers m > n > 0, the smallest values of m and n for 
which this is true are the Fibonacci numbers FN+2 and FN+1, 
respectively.  

• Worst-case number of steps 
• for N = 1, m divides n with no remainder; the smallest natural 

numbers for which this is true is n = 1 and m = 2, which 
are F2 and F3, respectively. 
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GCD 

 
 
 
 
For N steps, then n is greater than or equal to FN+1 which in turn is 
greater than or equal to φN−1, where φ is the golden ratio.  
Since n ≥ φN−1 
then N − 1 ≤ logφn.  Since log10φ > 1/5, 
(N − 1)/5 < log10φ  
logφn= log10n. Thus, N ≤ 5 log10n.  
Thus, the Euclidean algorithm always needs less than O(h) divisions, 
where h is the number of digits in the smaller number n. 
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Factorial (Recursion) 

int factorial(int n)  

{ 

if (n==0) 

return 1; 

else 

return n*factorial(n-1); 

} 

 

ans=1 

fact (n, ans)  

{ 

  if (n == 0) return ans; 

 return fact(n-1,n*ans); 

 } 
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Factorial Process using recursion 
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Factorial (Iteration) 

FacIter(int n) { 

int i, result = 1; 

for (i=1; i≤n; i++)  

result *= i; 

return result; 

} 

 

Fact2(n, ans) { 

    while (n != 0) { 

      ans *= n; 

      n -= 1; 

    } 

    return ans; 

  } 
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Fibonacci algorithm (Iterative) 

int fib(int n) { 

int a=1,b=1,i,c; 

for (i=3; i<=n; i++) { 

 c = a+b; 

 a = b; 

 b = c; 

} 

return a; 

} 
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Fibonacci Sequence-Recursive 

Fn+1  =   Fn +Fn-1 

Example of Fibonacci sequence like fib(6) breaking into 
fib(5),fib(4) and so on and making the number of function 
calls of the exponential order . While the iterative Fibonacci 
sequence will be of the order of O(n). Fibonacci sequence 
can also be solved in logn time by recursive squaring 
method 

Copyright @ gdeepak.com 27 6/7/2012 5:41 AM 



Fibonacci Recursion Tree 
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Power of a number xn 

Power (x, n) 

p ← x; 

For 1 ← 1 to n-1 do 

 p ←p*x; 

end 
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Power of a number 

Power (x, n) 

{  

if n=1 then return x; 

p ←power(x,⌊ n/2⌋) 

If odd(n) then return p*p*x; 

else 

 return p*p; 

} 
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Finding Square Root 

1. Select a number n < m (a good first guess would be  m/2). 

2. If   n2>m, n ← n-1 and repeat step 2, else go to step 3. 

3. When n2<m, start adding 0.1 to n. 

4. Compute n2, until n2>m. 

5. n ←n-0.1; repeat steps 3, 4, 5, using 0.01 instead of 0.1, 
etc. until the desired accuracy is obtained. 

Number of iterations required depends on how good our 
initial guess was. 
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Better Algorithm 

Find  √256.  

Initial guess is 8, then 82should = 256. If 8 were really √256 , 
then 256/8 should = 8, instead 256/8 gives us 32.  
Take the average of 8 and 32 which is 20, and a better guess . 
In general, the algorithm is: 
m = Number whose square root is to be found, e.g. 256 
g1 = First guess of the square root e.g. 8 
g2 = Second guess of the square root 
= (g1 + (m/g1))/2 
then g1 g2 for the next iteration and repeat, until desired 
accuracy is obtained. 
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Calculating Prime 

Simple but inefficient method: using the smallest divisor 
routine as above. 

1. Let n be the number to be tested; 

2. Divide it in turn by 2, 3, 4, ...., n-1 

3. If any number divides into n, it cannot be a prime 
number. 

This is also quite inefficient. Division can be done till | 𝑛 | 

All prime numbers except the number 2 are odd. 
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Better method (Eratosthenes) 

To find all prime numbers less than or equal to a given integer n 
1. Create a list of consecutive integers from 2 to n: (2, 3, 4, ..., n). 
2. Initially, let p equal 2, the first prime number. 
3. Starting from p, count up in increments of p and mark each of 
these numbers greater than p itself in the list. These numbers 
will be 2p, 3p, 4p, etc.; note that some of them may have already 
been marked. 
4. Find the first number greater than p in the list that is not 
marked; let p now equal this number (which is the next prime). 
5. If there were no more unmarked numbers in the list, stop. 
Otherwise, repeat from step 3. 

Copyright @ gdeepak.com 34 6/7/2012 5:41 AM 



Eratosthenes 

When the algorithm terminates, all the numbers in the 
list that are not marked are prime. 
Further refining, it is sufficient to mark the numbers in 
step 3 starting from p2, as all smaller multiples of p will 
have already been marked at that point. This means that 
the algorithm is allowed to terminate in step 5 when p2 is 
greater than n. 
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Questions, Suggestions and Comments 
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Question 1 

Improved Algorithm for calculating the power of a number 
requires 9 multiplications to get 128th power of any 
number. How many multiplications are required to get 
127th power. 

A) 8 

B) 9 

C) 10 

D) 2 

Copyright @ gdeepak.com 37 6/7/2012 5:41 AM 



Question 2 

In a Binary Search if the number to be found is at the first 
place in the list then it is an example of 

A) Best Case 

B) Worst Case 

C) Average Case 
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Question 3 

Is there any recursive version of an algorithm which is of 
less time complexity as compared to iterative version 

A) Yes, Give example 

B) No 

C) Don’t Know 
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