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Deliverables 

• Multiplying Polynomials 

• FFT 

• Using FFT for Polynomial multiplication 
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Multiplying Polynomials 

• Product of two degree d polynomials is a polynomial of 
degree 2d. Following is the multiplication of two 
degree 2 polynomials which gives us a degree 4 
polynomial after multiplication. 

(1 + 2x + 3x2)  (2 + x + 4x2) = 2 + 5x + 12x2 + 11x3 + 12x4 

 

In general computation requires Ө(d2) time. 

Copyright @ gdeepak.Com® 3 6/14/2012 7:18 PM 



Polynomial Multiplication 

A(x) = a0+a1x+… +adxd and  

B(x) = b0+b1x+…+bdxd,  

their product C(x) = A(x).B(x) = c0+c1x+…+ c2dx2d  

has coefficients ck = a0bk + a1bk-1 +…+ akb0 = aibk−i 
𝑘
𝑖=0  

Computing ck from this formula takes O(k) steps, and 

finding all 2d + 1 coefficients would therefore seem to 
require Ө(d2) time. 
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Importance of Polynomial Multiplication 

It turns out that the fastest algorithms we have for 
multiplying integers rely heavily on polynomial 
multiplication; after all, polynomials and binary integers 
are quite similar. Just replace the variable x by the base 2, 
and watch out for carries. But perhaps more importantly, 
multiplying polynomials is crucial for signal processing. 
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Signal 

A Signal is any quantity that is a function of time. 
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Sampling 

To extract information from a signal , signal need to be 
digitized by sampling 
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Sampled Signal to Output 
Sampled signal needs to be transformed to output. There are two main types of 
systems  

a) linear- response to the sum of two signals is just the sum of their individual 
responses  

b)Time invariant-shifting the input signal by time t produces the same output, 
also shifted by t.  

Any system with these properties is completely characterized by its response to 
the simplest possible input signal: the unit impulse (t), consisting solely of a 
jerk at t = 0 
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Similarity to polynomial multiplication 

first consider the close relative δ(t- i), a shifted impulse in which the 

jerk occurs at time i. Any signal a(t) can be expressed as a linear 

combination of these, letting δ(t - i) pick out its behavior at time i, 

                       a(t)= 𝑎(𝑖)𝑇−1
𝑖=0 δ(t- i) 

By linearity, the system response to input a(t) is determined by the 

responses to the various δ(t-i). And by time invariance, these are in 

turn just shifted copies of the impulse response b(t), the response to 

δ(t). In other words, the output of the system at time k is 

                        c(k)= 𝑎(𝑖)𝑘
𝑖=0 b(k- i) 

Which is exactly same as polynomial multiplication. 
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Polynomial Characterization 

A degree-d polynomial is uniquely characterized by its 
values at any d + 1 distinct points. 

We can specify a degree-d polynomial  

A(x) = a0 + a1x +    + adxd by either one of the following: 

1. Its coefficients a0, a1, … ad 

2. The values A(x0),A(x1),…A(xd) 
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Polynomials:  Coefficient Representation 

Polynomial 

 

 

Add:  O(n) arithmetic operations. 

 

Evaluate:  O(n) using Horner's method. 

 

Multiply (convolve):  O(n2) using brute force. 

  



A(x) a0 a1xa2x2   an1x
n1



B(x) b0 b1xb2x
2   bn1x

n1

  



A(x) B(x) (a0 b0)(a1b1)x  (an1bn1)xn1



A(x) a0 (x(a1 x(a2   x(an2  x(an1)) ))

  



A(x) B(x) ci xi

i0

2n2

 ,  where ci  a j bi j

j0

i
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Polynomials:  Point-Value Representation 

• Polynomial 

 

• Add:  O(n) arithmetic operations. 

 

• Multiply:  O(n), but need 2n-1 points. 

 

• Evaluate:  O(n2) using Lagrange's formula. 

 

  



A(x) :  (x0 , y0), , (xn-1, yn1)  

B(x) :  (x0 , z0), , (xn-1, zn1)

  



A(x) B(x) :   (x0, y0  z0), , (xn-1, yn1 zn1)

  



A(x) yk

(x x j )
jk



(xk  x j )
jk

k0

n1



  



A(x)  B(x) :   (x0, y0 z0), , (x2n-1, y2n1 z2n1)



Comparison 

second is the more attractive for polynomial multiplication. 

Since the product C(x) has degree 2d, it is completely determined by its 
value at any 2d + 1 points. And its value at any given point z is easy 
enough to figure out, just A(z) times B(z). 

Thus polynomial multiplication takes linear time in the value 
representation. 

But input polynomials are specified by coefficients. So we need to first 
translate from coefficients to values. which is just a matter of evaluating 
the polynomial at the chosen points. then multiply in the value 
representation, and finally translate back to coefficients, a process 
called interpolation. 
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Best of both methods 
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Coefficient Representation 
a0,a1,a2…ad 

Value Representation 
A(x0),A(x1),A(x2)…A(xd) 

Evaluation 

Interpolation 
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Converting Between Two Polynomial 
Representations:  Brute Force 

Coefficient to point-value.  Given a polynomial a0 + a1 x + ... + an-1 x
n-1, 

evaluate it at n distinct points x0, ... , xn-1. 
 
 
 
 
 
 
 

 

Point-value to coefficient.  Given n distinct points x0, ..., xn-1 and values 
y0, ..., yn-1, find unique polynomial a0 + a1 x + ... + an-1 x

n-1 that has given 
values at given points. 

  



y0

y1

y2

yn1 























   

1 x0 x0
2 x0

n1

1 x1 x1
2 x1

n1

1 x2 x2
2 x2

n1

1 xn1 xn1
2 xn1

n1  























a0

a1

a2

 an1























Vandermonde matrix is invertible iff xi distinct 

O(n3) for Gaussian elimination 

O(n2) for matrix-vector multiply 



Better Idea 

FFT will do the trick because the computations required by 
individual points overlap with others and can be shared. 
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How to choose the points 

To evaluate a polynomial A(x) of degree ≤ n-1. If we choose 
them to be positive-negative pairs, ±x0, ± x1, … ± xn/2-1 

• computations required for each A(xi) and A(-xi) overlap a 
lot, because even powers of xi coincide with those of –xi 

3+4x+6x2+2x3+x4+10x5 = (3 + 6x2 + x4) + x(4 + 2x2 + 10x4) 

Terms in parentheses are polynomials in x2. Generally, 

• A(x) = Ae(x2) + xAo(x2); 
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Even Odd Degree Coefficients 

• where Ae(.), with the even-numbered coefficients, and 
Ao(.), with the odd-numbered coefficients, are 
polynomials of degree  ≤n/2- 1 (assume for convenience 
that n is even). Given paired points xi, the calculations 
needed for A(xi) can be recycled toward computing A(-
xi): 

• A(xi) = Ae(x2
i) + xiAo(x2

i) 

• A(-xi) = Ae(x2
i) - xiAo(x2

i) 
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Intuition 

• Can evaluate polynomial of degree  n at 2 points by 
evaluating two polynomials of degree  ½n at 1 point. 
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x0 

-x0 

x0
2 

x1 

-x1 

x1
2 

X2
n/2-1 

: 
: 

Xn/2-1 

-Xn/2-1 
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Problem 

original problem of size n is in this way recast as two sub problems of 
size n=2, followed by some linear-time arithmetic. If we could recurse, 
we would get a divide-and-conquer procedure with running time 

T(n) = 2T(n/2) + O(n) which is O(n log n), plus-minus trick only works 
at the top level of the recursion. 

To recurse at next level, we need n/2 evaluation points x2
0

,x2
1, x

2
n/2-1 to 

be themselves plus-minus pairs. But how can a square be negative?  

To figure this out, let us reverse engineer the process At the very 
bottom of the recursion, we have a single point. This point might as 
well be 1, in which case the level above it must consist of its square 
roots, ± 1 = ± 1 
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See the bottom up 

 

 

 

 

 

 

 

 

 

 

Complex nth roots of unity, that is, n complex solutions to equation zn=1. 
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+1 -1 

+1 

+1 -1 -i +i 
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Nth roots of unity 

The nth roots of unity: the complex numbers 1,ω,ω2,…ωn-1, 
where ω = e2πi/n. If n is even, 

1. The nth roots are plus-minus paired, ω n/2+j=-ω j. 

2. Squaring them produces the (n/2)nd roots of unity. 

Therefore, if we start with these numbers for some n that is 
a power of 2, then at successive levels of recursion we will 
have the (n/2k)th roots of unity, for k = 0,1,2,3,... All these 
sets of numbers are plus-minus paired, and so our divide-
and-conquer, as shown in the last panel, works perfectly. 
The resulting algorithm is the Fast Fourier Transform. 
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Facts 
 Solutions to the equation zn = 1. 

By the multiplication rule: 
solutions are z = (1,Ө), for  a 
2. multiple of 2π/n (shown here 
for n = 16). 
3. For even n: 
These numbers are plus-minus 
paired:-(1,Ө) = (1,Ө +π) 
Their squares are the (n/2)nd 
roots of unity, shown with boxes 
around them 
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Pairing of Even odd 
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FFT Algorithm 
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How to reverse transform 

we designed the FFT, a way to move from coefficients to values in 
time just O(n log n), 

when points {xi} are complex nth roots of unity (1,ω,ω2,…ωn-1 ) 

values = FFT(coefficients, ω) 

Last remaining piece of the puzzle is the inverse operation, 
interpolation.  

                           coefficients =
1

𝑛
FFT(values, ω-1) 

Interpolation is solve using the same FFT algorithm using ω-1 

instead of ω. 
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Vandermonde Matrix 

• Let us see the relationship between the two 
representation of the polynomial using algebra 

 

 

 

 

• This is a special matrix known as Vandermonde matrix 
which has the property that if xo,x1, …xn-1 are distinct 
numbers then the matrix is invertible. 
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Vandermonde bounds to O(n2)  

• The existence of M-1 allows us to invert the preceding 
matrix equation so as to express coefficients in terms of 
values. So Evaluation is multiplication by M, while 
interpolation is multiplication by M-1 

• Vandermonde matrices also have the distinction of being 
quicker to invert than more general matrices, in O(n2) 
time instead of O(n3). However, using this for 
interpolation would still not be fast enough for us, so 
once again we turn to our special choice of points, the 
complex roots of unity 
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Inverse FFT 

FFT multiplies an arbitrary n-dimensional vector, which we 
have been calling the coefficient representation by the nXn 
matrix 
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Inverse FFT 

where ω is a complex nth root of unity, and n is a power of 
2. Notice how simple this matrix is to describe: its (j, k)th 
entry (starting row- and column-count at zero) is ωjk.  

Inversion formula Mn(ω)-1=1/nMn(ω)-1 

But (ω)-1 is also an nth root of unity, and so interpolation or 
equivalently, multiplication by Mn (ω)-1 is itself just an FFT 
operation, but with (ω) replaced by (ω)-1 
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Polynomial Multiplication 

We can multiply two degree n-1 polynomials in O(n log n) 
steps. 

 

  



a0, a1, , an-1

b0, b1, , bn-1
  



c0, c1, , c2n-2

  



A(x0 ), , A(x2n-1)

B(x0 ), , B(x2n-1)   



C(x0), C(x1), , C(x2n-1)
O(n) 

point-value multiplication 

O(n log n) FFT inverse FFT O(n log n) 

coefficient 
representation coefficient 

representation 



Questions, Comments and Suggestions 
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Question 1 

• What is the key Divide and Conquer Idea to reduce the 
complexity in polynomial multiplication. 
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Question 2 

• FFT can be applied to a wide variety of applications? 
Name a few. 
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Question 3 

Evaluation of the polynomial is better in  

A) Coefficient Representation 

B) Point Value Representation 
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