
Complexity Analysis 

It’s not that I’m so smart, It's just 
that I stay with problems longer                                                                                             
-                                       A. Einstein 



Deliverables 

Complexity-What and why 

Empirical study 

Instruction Count 

Apriori and posterior analysis 

Micro and macro analysis 

Best, average and worst case analysis 

Big Oh, Omega and theta notation 

Amortized- Aggregate, Accounting and Potential method 

Solving Recurrence Relations 

Master Method 
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Time complexity 

Every problem has a size as an integer value, which is 
measured by the quantity of input data.  

size of a graph can be number of edges and size of sort 
can be number of elements in the list to be sorted. 

Time required to run an algorithm is time complexity 
of the algorithm and is represented as a function of the 
size of a problem.  
So, if size of a problem is n and algorithm takes clogn 
time to run then time complexity is logarithmic and if 
it takes cn3 time, complexity is cubic. 
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Why complexity is required 

To estimate resources to run the algorithm e.g. how long program will run  

To classify into complexity classes and understand theoretical basis 

To estimate the largest input that can be given  

To compare the efficiency of different algorithms 

To help focus on parts of code that are executed  largest number of times.  

To choose an algorithm for an application 
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Memory Issue 

Memory capacity is increasing at cache, primary 
and secondary level, but complexity and volume of 
applications is also increasing 

Memory now mainly concerned with network 
bandwidth, small gadgets and smart cards. Running 
in RAM or cache is an issue for large applications. 

Small programs more efficient (Concept of time 
space trade off ?) 
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Empirical Study 

Good for embedded/small devices or where the product is to be 
manufactured in millions of units 

Plot the results and find the complexity pattern 

Use built-in function clock(), System.currentTimeMillis() function, to 
get an accurate measure of actual running time in NSec/Size 

Choose an input model and run with inputs of varying size and 
composition 

Write a program to implement the algorithm, debug it 
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Empirical Study-type of curve 
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Empirical study: comparing algorithms 
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Difficulties in empirical study 

Necessary to implement the algorithm, which may be 
difficult 

Results may not be indicative of the running time on other 
inputs not included in the experiment. 

Same HW and SW environments must be used to compare 

Even then results vary based on processor load, sharing of resources, no 
of background processes, status of primary and secondary memory at 
time of running program, garbage collection, compiler, network 
architecture, programming language and processor architecture 
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Apriori and Posterior Analysis 

Apriori is designing then making while Posterior is making 
then waking up after the problem crops up 

Posterior Analysis is technique of coding a given solution 
and then measuring its efficiency. It gives actual time. This 
is useful in practice but Apriori is always better.  

There is corresponding guarantee that any algorithm that is 
better in apriori analysis will be always better in 
performance in posterior analysis. Vice-Versa may not 
hold. 
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Instruction Count as a measure 

Not related to input size in terms of no of bytes like in factoring, or no 
of inputs, type of input like in sorting 

Intelligent compilers can make your count useless 

Language/ Compiler/interpreter issues will play a role 

Parallel/ pipelining/superscalar executions 

Each instruction have different resource requirements 

Can be first preliminary indication but should not cheat 

10% of instructions responsible for 90% of resource usage 
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Micro Analysis 

To count each and every operation of the program. 

Detailed, time consuming, complex 

Average lines of codes are  3 to 5 million lines 

Operations, not dependent upon size or number of  input will 
take constant time and will not participate in growth of time or 
space function, So they need not be part of analysis 
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Linear search example 
int main()   

{   

    int arr[50],i,num,n,k=0;   

    printf("Enter size of array ");   1 

    scanf("%d",&n);     1 

    printf("Enter %d elements ",n);   1 

    for(i=0;i<n;i++)                           2n+2 

    {   

                    scanf("%d",&arr[i]);                  n 

    }   

    printf("Enter element to search ");         1 

    scanf("%d",&num);                                    1 
 

for(i=0;i<n;i++)                                    2n+2 

    {               if(arr[i]==num)                 n 

                    {   

                    k=i+1;                                   1 

                    break;                                   1 

                    }  }       

    if(k==0)                                               1 

     printf("Number not found!!!");   1 

    else   

     printf("Number at position %d",k);      

    return 0;                                                    1 

}                                                 Total 6n+14 
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Macro analysis 

Deals in selective instructions which are dominant and 
costliest. Selection of right instructions is important 

Comparisons and swapping are basic operations in 
sorting 

Arithmetic operations are basic operations in math 
algorithms 

Comparisons are basic operations in searching 

Multiplication and Addition are basic operations in 
matrix multiplication  algorithms 
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Worst case analysis 

Goodness of an algorithm is most often expressed in terms 
of its worst case running time.  

Need for a bound on one’s pessimism, everyone needs a 
guarantee.  

This is the maximum time an algorithm will take on a 
given input size.  

Ease of calculation of worst case times 

In case of critical systems we cannot rely on average or 
best case times 

Worst case for all sorting problems is when the inputs are 
in the reverse order 
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Average Case Analysis 
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Average Case Analysis 

If same worst case time for two algorithms then we go for 
average case analysis .If average case is also same then we 
can go for micro analysis or empirical analysis. 

Sometime worst case may be too pessimistic and average case 
is closer to reality. 

In some cases for taking a general view of the running time of 
the problem average time may be better. 
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Best Case 

Best case may never occur 

Can be a bogus or cheat algorithm that is otherwise very 
slow but works well on a particular input 

If a particular input is likely to occur more than 90% of the 
time then go for a customized algorithm for that input 

May give an indication of lower bound to improve the worst 
case. Best case is not used in general. 

Best Case for all sorting problems is that sequence is 
already in the sorted sequence 
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Asymptotic Analysis 

Studying the behavior of the function when n 
infinity or very large 

Problems size will keep on increasing so 
asymptotic analysis is very important.  

It has limiting behavior. We are concerned with 
large input size. 
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Few tips for calculating complexity 

Nested loops should be analyzed inside out. Total 
running time for a statement inside innermost loop is 
given by its running time multiplied by the product of 
sizes of all for loops 

Running time of an if/else is not more than the 
running time of the test, plus the larger of the running 
times of statements contained inside if/else conditions 
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See the reality 

Let us take one of the latest processors i.e. with 100 Tera 
Flops i.e. which can do 1014 instructions per second or one 
instruction runs in 10-14 Seconds.   

Let us say that the processor is dedicated for the program of 
given complexity under the experiment and there are no 
other background tasks and processes running. 

We need to see the limits and benefits of different 
complexity programs. 
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Function

/size  
1 10 60 100 1000 105 106 1012 

Log n 10-14 3*10-14 5*10-14 6*10-14 10-13 2*10-13 2*10-13 4*10-13 

N 10-14 10-13 6*10-13 10-12 10-11 10-9 10-8 10-2 

N lgn 10-14 3*10-13 3*10-12 7*10-12 10-11 2*10-8 2*10-7 0.4 sec 

N2 10-14 10-12 3.6*10-12 10-10 10-8 10-4 10-2 1010 ~ 

33 years  

N3 10-14 10-11 2*10-9 10-8 10-5 10 Sec 104~ 3 

hrs 

∞ 

N10 10-14 10-4 1 min 27  hrs ∞ ∞ ∞ ∞ 

2N 2*10-14 10-13 3 hours 

N=72 1Yr 

∞ ∞ ∞ ∞ ∞ 

N! 10-14 3.6*10-8 
n=20 ~ 1 day 

∞ ∞ ∞ ∞ ∞ ∞ 

Time to run algo of given complexity on processor of 100 Tera Hz 1014 
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Utility, relative difficulty and practical limits of functions 

1 second 1minute 1 hour 1 month 1 year 

Logn 210
14

 ∞ ∞ ∞ ∞ 

N 1014 6*1015 3.6*1017 1020 ∞ 

Nlogn 1014 1015 1016 1019 ∞ 

N2 107 7.7*107 6.0*108 1010 2*1011 

N3 5*104 2*105 7*105 4*106 107 

N10 24 36 53 83 100 

2N 47 52 57 67 75 

N! 17 18 19 20 21 
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Feel the relative values of some common functions 

Logn 3.3219 6.6438 9.9658 13.287 16.609 

(Logn)2 10.361 44.140 99.317 176.54 275.85 

𝒏 3.162 10 31.622 100 316.22 

N 10 100 1000 10000 100000 

Nlogn 33.219 664.38 9965.8 13287 1660000 

N1.5 31.6 1000 316000 1000000 316000000 

N2 100 10000 1000000 100000000 1010 

N3 103 106 109 1012 1015 

2N 1024 1030 10301 103010 1030103 

N! 3628800 9.3*10157 102567 1035659 10456573 

Nn 1010 10200 103000 1040000 10500000 
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Combine two algorithms for dual advantage 
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Exceptions are part of life 

Some poly-time algorithms do have 
high constants and/or exponents, and 
are useless in practice. 

Some exponential-time (or worse) 
algorithms are widely used because the 
worst-case instances seem to be rare. 
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Simplifying complexity expression 

n2+10n+3  for n=1000  n2 = 1000000 10n+3= 10003   
So it is .01% of higher term 

n3 + 2n2 + n +100  for n= 10000 n3  = 1012 2n2 + n +100=108   

So it is 0.001% of the higher term 

For a function of higher growth term, lower growth function becomes 
negligible for large values of n, so these expression can be discarded.  

Constant in the highest growth term can be discarded because that does 
not participate in the growth of the function. It may change with change 
in implementation specifics. Its importance cannot be overlooked. 

Don’t Omit lower order terms of different variables n2 + m does not 
becomes n2 
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Meaning of Efficient Algorithms 

In general the efficient algorithm will mean that it runs 
quickly in practical terms. 

It must be better than brute force algorithm if possible. 

It must be polynomial in time complexity and that also 
lower polynomial 

Increase in processor speed will help more and more those 
problems with lower complexity 

Increase in efficiency in algorithms who are already 
running in fractions of seconds will not be felt by user. 
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Cases of different complexity functions 

Sub linear time : Those algorithms which somehow don’t 
even require to see the whole input once. Binary Search. 

Linear time: In which we make one pass through whole 
input, do some calculation for each input and iterate. 
Linear Search. Finding Sum of n numbers. 

Nlogn time: Here we divide input in two parts and keeps on 
dividing until a particular subset size and then solve that 
small subset. In the last all subset solutions are combined 
or filtered to get final solution. Merge Sort. 
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Cases of different complexity functions 

Quadratic time : n iteration over a loop which itself runs n 
times. Searching in nXn matrix. 

Exponential time: Running time for algorithms which must 
consider all subsets. 

Factorial time:  Match n items against n items . 
Enumerating all permutations. 

Constant Time : Fixed amount of work, regardless of the 
input size sum the first 20 elements of an array 
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Big Oh Notation 

Independent of hardware and software and valid for any input. It 
is instance-independent and platform independent. Instead of an 
instance give f(n) as a function of n as a time to run an algorithm 
or goodness of an algorithm 

f(n)=O(g(n)) if there are positive constants c and n0 such that 
f(n) ≤ cg(n) for all n ≥ n0  and c>0 

 n² +3n+4 ≤ 2n² for all n0 > 10    is O(n²) 
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Big Oh notation 

3 log n +log log n ≤ 4logn for all n0>2      O(log n) 

3n3 +20n2 + 5 ≤ 4 n3 for all n0>21 O(n3) 

7n-2≤7n for all n0>1              O(n) 

a0n0+a1n
1+a2n2+………aknK ≤ n0

 nk           O(nk) 

n2 is not O(n) but n is O(n2). Similarly n2+O(n)=O(n2) 

n2  cn and n  c   cannot be satisfied since c is a constant 
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Big omega notation 

f(n) = Ω(g(n)) if there are positive constants c and n0 such 
that f(n) ≥ cg(n) for all n ≥ n0.  

n² + 3n + 4 ≥ n² for all n0 > 1                Ω(n²) 

3 log n + log log n ≥ logn for all n0>2  Ω(log n) 

3n3 + 20n2 + 5 ≥  n3 for all n0>1       Ω(n3) 

7n-2 ≥ n for all n0>1         Ω(n) 

a0n0+a1n
1+a2n2+………aknK ≥ n0

 nk   Ω(nk) 
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Big theta notation 

f(n) =  Θ(g(n)) if there are positive constants c1, c2 and n0 
such that c1g(n)  f(n)  c2g(n), for all n ≥ n0.  

If f(n) is both O(g(n)) and Ω(g(n)) then it is Θ(g(n))   

20n2  20n2+17n+9  46n2   for n ≥ 1       Θ(n2) 

8n+2 does not belong to Θ(n2) 

n3 does not belong to the Θ(n2) 

Shrinking lower and upper bounds is an area of research 
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Comparison Theta ,Oh ,omega 
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Properties of asymptotic notations 

Θ(g(n))=O(g(n)) ∩ Ω (g(n)) 

Notions of upper and lower bound and tightness of bounds 

Lack of actual f(n) leads us to express these in Big Oh or 
Omega  form If f= O(g(n))  and g= O(h(n)) then f= O(h(n))  

If f= Ω (g(n)) and g= Ω(h(n)) then f= Ω(h(n)) 

e.g.    g(n) = n²  h(n)= n² + 3n + 4 

finding lower bound may be a research while not finding 
the exact algorithm.  Some problems are closed but some 
are open because those lower bound has not been achieved. 
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Properties of asymptotic notations 

If f= Θ (g(n)) and g= Θ(h(n)) then f= Θ(h(n))  

If f= O(h(n))  and g= O(h(n)) then f+g= O(h(n))  

For f1,f2,… fk and h be functions such that fi=O(h(n))  then f1 + 
f2 + … fk = O(h(n)) 

If g=O(f(n)) then f+g=Θ(f(n)) 
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Small Oh and Small Omega 

The upper bound provided by may or may not be tight. We use o Small-
oh, for an upper bound which is not tight. 
2n=o(n2) 
2n2 ≠o(n2) 
2n3 ≠o(n2) 
n! = o (nn) 
The lower bound provided by may or may not be tight. We use ω for an 
lower bound which is not tight. 
n2 = ω (n) 
n2 ≠ ω (n2) 
n2 ≠ ω (n3) 
n! = ω (2n) 
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Some Difficult Ones 

lg(n100) = 100 * lg(n) = Θ(lg(n))  

lg(n0.1) = 0.1 * lg(n) = Θ(lg(n))  

lg5(n) = lg(n) / lg(5) = Θ(lg(n))  

nlg(5) = n2.3219... so n2 < nlg(5) < n3  
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Questions, Suggestions and Comments 
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Question 1 

If f(n) = Θ(g(n)) and g(n) = Θ(h(n)), then h(n) = Θ(f(n)) 

A) True                     

B) false         

C) depends on the value of f(n)         

D) depends on the value of g(n) 
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Question 2 

 n/100 = Ω (n)  

A) True                      

B) False 
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Question 3 

Out of different analysis paradigms normally we choose 

A) macro, apriori, worst case and asymptotic analysis 

B) micro, posterior, average case and empirical analysis 

C) macro, posterior, worst case and asymptotic analysis 

D) micro, apriori,  worst case and empirical analysis 
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Question 4 

How many times we should half the number n to reach 1. 
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